TOPIC 6

INDEFINITE & DEFINITE INTEGRALS
SCHEMATIC DIAGRAM
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Topics Concept Degree of | References
Importance | Text book of NCERT, Vol. 11 2007 Edition
Indefinite | (i) Integration by substitution * Exp 5&6 Page301,303
Integrals (i) ) Application of trigonometric e Ex 7 Page 306, Exercise 7.4Q13&Q24
function in integrals
(iii) Integration of some particular e Exp 8, 9, 10 Page 311,312 Exercise 7.4 Q
function 3,4,8,9,13&23
r o dx J dx
r 1 X
dx I 5 d :
Y VJa? —x? ax“ +bx+c
¥ dx
" Vax? +bx+c
r (px+q)dx
Jax? +bx+c
r (px+q)dx
" Vax? +bx+c
(iv) Integration using Partial falekl Exp 11&12 Page 318
Fraction Exp 13 319,Exp 14 & 15 Page320
(v) Integration by Parts il Exp 18,19&20 Page 325
(vi)Some Special Integrals il Exp 23 &24 Page 329
j\/az +x2 dx , I\/xz —a?dx
(vii) Miscellaneous Questions faia Solved Ex.41
Definite (i) Definite Integrals based upon * Exercise 27 Page 336, Q 2,3,4,5,9,11,16
Integrals | types of indefinite integrals Exercise 7.9

(ii) Definite integrals as a limit of
sum

**

Exp 25 &26 Page 333, 334 Q3, Q5 & Q6
Exercise 7.8

(iii) Properties of definite Integrals

*k*k

Exp 31 Page 343*,Exp 32*,34&35 page 344
Exp 36***Exp 346 Exp 44 page351
Exercise 7.11 Q17 & 21

(iv) Integration of modulus function

**

Exp 30 Page 343,Exp 43 Page 351 Q5& Q6
Exercise 7.11
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SOME IMPORTANT RESULTS/CONCEPTS

n+1

*jx”dx:x +C
n+1

*Il.dx=x+c

* idx:—ijtc

J.x“ x"

* i:2\/§+c

I

*J&dx+c

*jexdx=ex+c
gy &

*ja dx—loga+c

*J'sin xdX =—COSX +C

*Isinxdx = —COSX+C

*jcosxdx =sinX+c¢C
*J'seczxdx:tanx+c

*Icoseczx dx = —cotx+c

*jsecx.tanx dx =secx+c

*Icos ecx.cot X dx = —Cosecx + ¢
*Itanxdx = —log|cos x|+ ¢ = log|sec x| +c¢

*fcotxdleog|sinx|+c
*.[secxdx=log|secx+tan x|+C

X T
tan| —+—
(2 4)

*Icosecxdx=Ioglcosecx-cotx|+C

=log +C

=—log|cosecx+cotx|+C

=log tang +C

*Ixzd_xaz :ZI gx+a +C, ifx>a
*J.azcﬁ(xz :2a| ga < +C ifx>a
*Iaz?(xzzz_lal g:+§+C,ifx>a

j dx =sin~ 5+c--cos —+C
va a
*Iﬁzlogl)('i‘vxz'i'az |+C

dx
*I—W: log | x +vVx*—a’® |+C

+C

*
2
X a
j\/xz +a’dx :E\/x2 +a’ +?Iog‘x+\/x2 +a’
*

+C

2
J‘\/x2 —a’dx :gx/xz —a’ —%Iog‘xm/x2 —a’
2
*J.\/a2 —x%dx =§\/a2 —-x? +%sin‘1§+c
a

* 00 £ () £ f, (x)}dx
= [£,09dx + [ f,(x)dx +......... + [ f,(x)dx
* jxf(x)dx=xjf(x)dx+c

*Ju.vdx = u.Iv.dx —.[Uv.dx]:—i.dx

b
*jf(x) dx = F(b) — F(a), where F(x) = _[f(x) dx
a
* General Properties of Definite Integrals.

b b
* [f(x) dx= [f(t) dx
ba ab
*_[f(x) dx =- jf(x) dx
*.tff(x) dx = jf(x) dx + _tff(x) dx
*jlf(x) dx = _tff(a+b-x) dx

]i-f(a - X) dx

* j‘f(x) dx
0

a

2J'f(x)dx, if f(x) is an even function of x.
0
0 if f(X) is an odd function of x

* jf(x) dx
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Lf X 14X 1 X a _
-[x2+a2 =~ tan?—+C=——cot” —+C *Tf(x) = 2jf(x)dx, if f(2a - x) = f(x).
) .
0 0 if f(2a - X) = -f(X)
Assignments
(i) Integration by substitution
LEVEL |
2 mtan~1x Sin_l X
1. jwdx 2. je -—adx 3. je dx
X 1+x 1—x?2
LEVEL Il
1 1 1
1. dx 2. [——=——dx 3. dx
Reze I E
LEVEL 11
Lj-flﬁigi—dx 2.[——j§ﬂ§———dx 3.[—7——}—7;—dx
SIN X.COS X SeCX + Cos X SIN X.COS™ X

(if) Application of trigonometric function in integrals

LEVEL I
.3 2
1, Ism X.dx z.fcos 3x.dx 3, Icosx.cost.cos3x.dx
LEVEL Il
sin4x
1.J.sec4 X.tan x.dx 2. j - dx
sin x
LEVEL Il
1.J'c055 x.dx 2. J.sin2 X.cos 3 x.dx

(iii) Integration using standard results

LEVEL I
dx 1 dx
1 —= 2. |————d 3,
jw/4X2_9 Ix2+2x+1o X ng2+12x+13
LEVEL II
1.j;dx 2. | coS X dx 3. | dx

sin?x +4sinx+5
41
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1.j2—xdx
V1- x% — x4

/1—x

(iv) Integration using Partial Fraction

L IL «
I (x+D(x-1)

1'j X% +2x+8 i
(X=1(x-2)

8
. d
' I(x+2)(x2+4) X

(v) Integration by Parts

1. jx.secz x.dx

1..|‘sin‘1 x.dx

1-x?
4. |cos7t — = |dx
I (1+ XZJ

1. Icos(log X )dx

.[ 2+sinx
1+ cos 2x

(vi) Some Special Integrals

1.JV4+x2.dx

e*.dx

1. x2 + 4% + 6.dx
Y

P

LEVEL I11
X2 +x+1 X+2
—dx 3. | ————dx
IXZ—X+1 I\/x2+5x+6
IL [CBSE 2011]
J(x=5)x—4)
LEVEL |
2 _
2. I dx j#dx
(X=D(x-2)(x-3) (X+1)“(x+3)

LEVEL Il

X2 +x+1
2. [ X

X2 (X +2)
LEVEL Il

) I dx
" Jsinx +sin2x

dx

LEVEL I
2. j log x.dx
LEVEL 11

Z.Ixz.sin‘l x.dx
5. Isecg x.dx

LEVEL 111
) .[ e* (L+X)
(2+x) dx

5, jezx.cos 3x.dx

LEVEL |
Z.J.\/l—4x2.dx

LEVEL Il
2. I\/1—4x—x2.dx

LEVEL 111

42

3 IX—” "
I x=12(x+3)

3. I1+1x3 dx

3. _[ex (tan x + log sec x)dx

3 jx.sin‘1 X

\/1—x2

dx

log x
3. .[—2 dx
(1+logx)
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1. I(x +1)\/1—x—x2.dx 2. I(X—5)\/X2 + X dx

(vii) Miscellaneous Questions

LEVEL Il
B [P - 2 [ 3. |
2 —3C0Ss 2x 3+sin2x 4S|n X+SCOS X
dx sin 2x sec X
4.J. — 5 5.!_4 2 dx6.jS m dx
1+3sin“ X +8co0s“ x sin” X +cos™ X secX+4tanx
LEVEL I11
1J-35inx+2cosxdx , J~ dx 3,[ x* i
7 3008 X + 2sin X “J1-tanx x4 g
2 2
X +1 X< -1
4, | —————dx 5. dx 6. | v/tanx.dx
J‘x4+x2+1 -[x4+1 I

Definite Integrals

(i) Definite Integrals based upon types of indefinite integrals

LEVEL I
1 % +3 72 2
1. j 2. J\/sinx.cos5 xdx 3. Ix\/x+2dx
05x +1 0 0
LEVEL II
2 2 2
O LS 2 (2L o
1 X +4x+3 1 X 92X

(i1) Definite integrals as a limit of sum

LEVEL |
2
1. Evaluate | (X+2)dx as the limit of a sum.

D O

2. Evaluate | (1+ X) dx definite integral as the limit of a sum.
0

LEVEL Il
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2
1. Evaluate I(sz —1)dx as the limit of a sum.

1
3

2. Evaluate j(xz +1)dx as the limit of a sum.
0

LEVEL Il
2

1. Evaluate J.(XZ + X +2)dx as the limit of a sum.

1
4

2. Evaluate I(ezx + XZ) dx as the limit of a sum.
2

(iii) Properties of definite Integrals

LEVEL I
n/2 3 n/2 .4
L _tanx g, 2 [ = VA~X 4y 3. | X gx
. 1++/tanx L VX +/4-X 2 sin® x+cos* x
LEVEL Il
2 X T xsinx X tanx
T S o, [XSX_g L
o SiNX+CosX 1 1+c0s” X 7 SECX.COSeC
/3 dx
4. | ———[CBSE 2011
TEJ/‘61+«/tanx [ .
LEVEL 11l
b X +SiN X /2 /4
L dx [CBSE 2011] 2. | logsinx dx 3. [logL+tanx)dx
1+cosx
0 0 0
[CBSE 2011]
(iv) Integration of modulus function
LEVEL 111
5 2 /2
1, ~[(‘x—2|+‘x—3|+‘x—4|)dx 2. ”xs—x‘dx 3. I[sin|x|—cos|x|]dx
2 -1 —n/2
Questions for self evaluation
(2x —3)dx (3x+1).dx
1. Evaluate | V———— 2. BEvaluate | —————
J')(2—3)(—18 J‘1’5—2X—X2

44



3. Evaluate I cos? x.dx

2sin X +3cos x

5. Evaluatej-—dx

3sin X +4cos X

/2

7. Evaluate .[«/sin X.c0s> xdx
0

/2
9. Evaluate I log sin x dx
0
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dx

3+ 2sin X +cos X

x.sin ! x

3/2

8. Evaluate j|x sin mx| dx
)

4. Evaluate j

6. Evaluatej

10. Evaluate j-(]x ~1+|x—2|+|x—3)dx
1
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Answers

TOPIC 6 INDEFINITE& DEFINITE INTEGRALS
(i) Integration by substitution

1 -1 -1
LEVEL | 1. tan(logex) + C 2. Eem“’“‘ X+C 368" X4cC
1
LEVELI  1.2loggfl++/x|+C 2.2 sec %34C  3log.l-e¥|+C
1 tan? x
LEVEL Il 1.2Jtanx +C 2.—tan"H(cosx)+C 3. +1oge[tan x|+ C
(ii) ) Application of trigonometric function in integrals
LEVEL I 1.—§cosx+ic053x+c 2.l x+Sm6X +C
4 12 2 6

3.§+lsin 6x+isin 4x+lsin 2x+C
4 4 16 8

2 4 2 . )
LEVEL Il 1.%sec4x+c oR fANTX_tan'x . 2.§sm3x+25|nx+c

sin®x  sin®x

- +C
3

) 2 .3 1.5
LEVEL Il 1.smx—§sm x+§sm Xx+C

(iii) Integration using Standard results

LEVEL | 1-1|09e><+1 ax?_9l+C 2 tan Y X e 3 Lt XH2 4
2 2 3 3 9 3
1. f2x*+1 P : _1(2x—1)
LEVEL Il 1.—tan| —=—=|+C 2. tan""(sinx+2)+C 3.sin""| ——= |+C
(%% inx+2) 5
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[ 2x?-1 ) 2 . J2x-1
LEVEL Il 1.sin™? +C 2.x+log[x® —x +1+—=log ===+ C
( 5 ] 9 1 BB
3. x2+5x+6—%log(x+gj+\/x2+5x+6+C
- [ .2
4.sin" x+V1-x +C [Hint: Put x=c0s2g]
5.6 x2—9x+20+34log(2X2_9)+\/x2—9x+20 +C
(iv) Integration using Partial Fraction
1 3
LEVEL | l.%log(x+1)+g|og(x—2)+c 2.EIog(x—l)—ZIog(x—z)JrEIog(x—3)+C
3.1—1I0g(x+1j+ > +C
4 "\ x+3) 2(x+1)
1 1 3
LEVEL Il 1.x— 11log(x — 1) + 16log(x — 2) + C Z'Zlog x—5+zlog(x+2)+c
3 1 5
3.-log(x-1)-—=+—log(x+3)+C
5 log(x-1) D s g(x +3)
LEVELIIl  Llog(x +2)—%Iog(x2+4)+tan‘1§ 2 '09(1—GCOSX)+ '09(1+2°°5X)_2'°9(1+3 2005%) , ¢

3. % log(1+ x)—% Iog(l— X + X2 )+ = tan‘l(zx—_lJ + C [Hint: Partial fractions]

NE V3

(v) Integration by Parts

LEVEL | 1.x.tanx + logcosx + C 2.xlogx —x + C 3.e”.logsecx + C
3 2 2
LEVELII  1.xsinix+v1-x2+C 2.%sin‘1x+£_EX +29 1-x" ¢

3.-V1-x?sinIx+x+C  4.2xtan"tx— Iog(1+ x2)+C

5, %(secx.tan x +log(secx + tanx))+C

X

e
LEVEL I 1.X i 2.
> [cos(log x)+sin(log x )]+ C > x

+C  [Hint:f[e*f(x) + f'(x)]dx=e*f(x) + ]

X
: +
1+log x

2X
4. e“tanx + C 5. 61—3(35in 3x +200s3x)+C

(vi) Some Special Integrals

P 2
LEVEL | 1.HT+X+2I09‘X+\/4+XZ‘+C 2.%+%sin‘12x+c
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C

[ 2
ceveLn  1%*2) X2+4X+6+Iog‘(x+2)+\/x2+4x+6+

2
2.(x+2) 1-4x-x° 5 n‘l(x+2j+c

2 2

J5
/12
LEVEL IIl 1.—%(1—x—x2)3 +%(2x—1}\/1—x—x2+%sin‘1(zx\/_;1]+c

2.%(x2+x)3/2—1§1(2x+1)\/x +x+1—log[(2x+l)+2 X +x}+C

(vii) Miscellaneous Questions

LEVELIL 1 1 N Vstanx-1 2. itan‘l[w}rc
‘\/_tanx+1‘ 232 242
1 L 2tanx L 4.ltan_1(2tanxj+c
25 J5 6 3
Stan > +4
5.tan_1(tan2 x)+C[Hint:divide Nr. and Dr. by x?] 6.§tan_1 TZ +C
x 1 .
LEVEL Il 1. —Ex—ilog|3cosx+23mx|+c 2.———Iog|cosx—smx|+C
13 13 2 2
2_
IX+= Iog l—ltan_lx+C 4. 1 ~tan"Y| X L +C
4 7ix+1 2 NG “J3x
5 |x2 \/_x+1|
‘x +\/_x+1‘
Gitan_l[tanx_1J+ 1 |tanx—\/2tanx+1|+c
2 ~2tanx 2\/§‘tanx+\/2tanx +1‘
Definite Integrals
(i) Definite Integrals based upon types of indefinite integrals
1 3. 41 64 3 5
LEVEL I 1. =log 6+—tan ~+/5 2. — 3. | log=-9log—
59 °T V5 231 { 72 gJ
2
e
LEVELII 1. 5+5{Iog——9log } 2. I(e2—2)
(ii) Definite integrals as a limit of sum
LEVEL | 1.6 2.12
(iii) Properties of definite Integrals
T T
LEVEL | 1.— 2.1 3. —
4 4
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2 2
T T T
LEVELIl  1.——log(v2 +1 2. — 3. —
27 o2+ 4 4
T
4, —
12
LEVELII 1% 2.-Llog2 3.%l0g2
2 2 8
(iv) Integration of modulus function
19 11
LEVEL Il 1.— 2. — 3.4
2 4
Questions for self evaluation
1.Iog‘x2 +3x—18‘—glogx—_3 +C 2.—3V5-2x—x2 —2sinY X1 ¢
3 7|x+6 J6
3. 1(3x+25in2x+sm4xj+c 4.tan™ 1+tan5 +C
8 4 2
5.%x+%log|3sinx+4cosx|+c 6.Xx—V1-x?sintx+c
7.4 8.2+ 1
231 T g’
9.—glog 2 10.19/2
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